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Abstract - We consider the compact operator A : XY — Y for the separable Hilbert spaces X and ).
The problem Az = y is called (exponentially) ill-posed when the singular values o, of the operator A
tend to zero (with exponential rate).

Classically one assumes that y is biased with “deterministic noise”, i.e. that we have y° = y + ¢ with
||£]| < 6. Instead we will assume to have “stochastical noise”, i.e. y® =y + & where for all f € Y we have
that £y =< f,£ >y is a Gaussian random variable fulfilling E (f, &)y, = 0 and E ((f, §>y)2 = 82(||f]ly)?.
This means that in terms of a Fourier expansion each Fourier coefficient is disturbed with Gaussian white
noise. Regularization in this case is harder to perform than for the classical case.

For asymptotically optimal regularization with respect to § — 0 we have two important parameters:
the smoothness of x and the error behavior of £ under the application of the regularization operators.
Tt is well-known that optimal regularization is possible when both smoothness and error (behavior) are
known; however this situation normally does not occur in practice.

We will show that both for the “deterministic noise” case as well for the “stochastical noise” case
we can regularize in an (asymptotically) optimal way (i.e. choosing a regularization parameter) just
using the error behavior. We will furthermore show that we actually do not need complete knowledge on
the error but can either use information obtained from several measurements or a small very accurately
known part of the space domain. This means, in particular, that a repetition of measurements can be
used not only for error reduction, but also for determining the regularization parameter in an optimal
way. Another possibility is obtaining partial very accurate information (e.g. a test sample in some part)
to optimally determine the regularization parameter.

A practical application to the “downward-continuation” problem for satellite observed gravitational
data in geosciences will be shown.

1. INTRODUCTION

The primary objective of modern satellite missions like GOCE and CHAMP is determining the geopo-
tential field precisely with high spatial resolution. In particular its knowledge is the base of further
geoscientifical investigations like prospecting, exploration, solid earth physics or physical oceanography.
For further information on this topic the reader is referred to [4, 5, 13] and the references therein.

A number of interesting mathematical problems is associated to this theme. We will concentrate on
the following one [6]. When we have approximated the geopotential field v at the height r of the satellite
orbit x € Q,. (for reasons of simplicity now assumed as sphere) by

(z) = ion En: o, k)Y (;) (1)

n=0 k=—n

then it reads on the height R of the earth’s surface z € g (also assumed as sphere)

) =30 Y v (L) (2)

n=0k=—n

where o, = (%)n and Y,* denote the standard spherical harmonics. So the downward-continuation (i.e.

determination of the geopotential field out of satellite data) is a severely ill-posed problems because the
eigenvalues o, of the downward-continuation operator Ag/, decrease with exponential rate.
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In order to solve this problem we need to regularize it. Because we are dealing with measurements it
is sensible to assume that our data are biased with random noise [5]. In this text we will concentrate on
the spectral cut-off scheme as regularization procedure, i.e. our regularized solution vy reads

@) =3 3 oA Y (%) 3)

n=0k=—n

The important question is how big one should choose the regularization parameter N; if it is too low
we are far away from the real solution even if there would be no noise at all, if it is too high the noise
completely conceals the data. If we know the smoothness of the solution (i.e. in which Sobolev space
it lives) and the behavior of the noise w.r.t. the regularization operators we can regularize optimally.
However, in practice we normally do neither know the smoothness nor the exact behavior of the error.
Therefore we need to employ methods which are not straight forward.

We will show that some knowledge concerning the error behavior is sufficient in order to regularize
in an asymptotically near to optimal way. Furthermore we will present how to use approximations to
the error behavior in order to regularize optimally and show it to be working using a particular example
from satellite gradiometry.

Please note that most results in the first part are based on the work of S. Pereverzev. He has
shown that in the error regions we are interested in, the satellite problem is much more behaving like an
ordinarily ill-posed problem [12]. Therefore we will mainly concentrate on this case. Theoretical results
on the exponentially ill-posed case are available in [2, 1].

2. PARAMETER SELECTION FOR REGULARIZATION

2.1. Preliminaries and Notation

From now on, let X and ) be separable Hilbert spaces with inner products (-, ), and (;,-),, and with
basis {uk }rew and {vg }ren, respectively. If no confusion is likely to arise we will denote the inner product
just by (-,-). Additionally assume x € X and y € Y if not stated otherwise.

Furthermore assume A is a map A : X — ) which is a continuous linear operator with infinite rank.
A shall admit a singular value decomposition

Az = Z SEpVk (Ug, T) (4)

k=1

where s > sk4+1 > 0 for all £ € N, the positive natural numbers.
We will consider two different kinds of noise, namely the classical deterministic noise and the physically
seen more sensible, but also more difficult to treat, stochastic noise case.

Definition 2.1 (Deterministic Noise)
The data ys are biased with deterministic noise (in comparison to y) if ||y — vy°|| <6, i.e. there erists a
€Y with ||€]| < 1 such that y° = y + 6¢.

Definition 2.2 (Stochastic Gaussian White Noise)
Let (Q,%,P) be the ordinary probability space. Furthermore let y® = y + 6¢, where € is a random vector

fulfilling

e For all y € Y we have that &(w) = (y,§), where §y(w) : @ — R is a random variable. Assume
furthermore Vt : {w|w € Q,&,(w) <t} €32

o Ec(y,6) =0

o B (y, &) =yl

o &, is normally distributed around 0.

Then y° is called to be biased with stochastic Gaussian white noise.
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2.2. Regularization with all Information

Assume the sequence of regularization operators { A, }new. We will consider the following noisy solutions
of our operator equation (noise element ¢ with the standard formulation for a stochastical noise element
&):

20 = Af(Az + 0¢) = (A5 A,) LAL (Az + 66) = 20 + onf, (5)

n

where
M, = ATE = (A5 A,) 7 AN (6)

is a Gaussian random element. (The spectral cut-off scheme fulfills this property, e.g.). From now on we
assume that there exist functions p and ) fulfilling the following assumptions, which of course depends
on the used regularization method:

Assumption 2.1
Assume that there exist decreasing functions p,v : [1,00[— [0, a], lim, o p(n) = lim,, o ¥(n) = 0 which
fulfill
e p(n+1)>c¢p(n) for a constant ¢
2

o EellnSll? < 5

o [z —apll < v(n).

Remark

The function p may be associated with how the operator A spreads the error over the various frequencies,
whereas the function v is determined by the smoothness of the solution x (i.e. in which Sobolev space
it lives, e.g.). Since ||n5]| < 1/p(n) implies E¢||n§||? < 1/p(n)? we can restrict our attention to the
stochastical noise case.

Please note that in principle ¥(-) can depend on x. As we assume that we do not know (), later on,
this does not pose a problem. It is just important in order to formulate rates [2].

Now we can determine the optimal regularization parameter via the following result which still needs
the input of smoothness and error level but works for the stochastical noise case:

Lemma 2.1
When choosing

p(n)
we have Y
2 _
Eelle — 3,11 < = (vo) ' (9)) ®)
A more detailed proof can be found [2].
Proof
We have:
512 012 0 1 2 2 2 82
Eello —ap||? =l — 2f||* — 20B¢ (& — ay, (A}, Ap) T ARE) + 0%Ee|In || < ¢(n)? + e 9)

which holds because of Definition 2.2. Balancing for the best possible order of accuracy yields that we
need a ng fulfilling 1 (ng)p(ne) = 6. We have:

w(now)/’(nom) <0 =1v(no)p(no) < ¢(n0pt - 1)p(n0pt -1) (10)
This yields

62 < 2¢(no)*p(no)?

Eellz — 22 |1? <t(nopt)* +
§|| t|| _w( O;Dt) p(nopt)2 = p(n0+1)2

Nop

< 2o (o) ) ()
q.e.d.
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2.3. Regularization without Known Smoothness

The above result cannot be used in the case when we do not know the smoothness of our solution.

Therefore consider for n < m and n,m € {k: (k) < ﬁ,‘z)} the following picture where we have, in

view of Assumption 2.1, the “expected” behavior of the random variable ||nS||. Please note that the
computation is not mathematically rigorous and is just meant as motivation. The parameter x will help
us to control the tail behavior of the stochastical noise vector, later on.

e (|25 =,
o <llo = a3 + llo — a3,
<tp(n) + 8] [n ||+ (m) + 615,
2Kk0 n 2Kk0 12)
“p(n)  p(m)
- 4K0
~p(m)
T ()
\
Nopt n m
Now we use an idea by Lepskij [9] and take
4kd
. 5 5 -1
ne =min<n: ||z, — x| < , N=p ((5)>m>n} (13)
e I = < 0
Remark
In real applications it might be better to choose
2K6 2K6
. 5 5 -1
ne=min<n: ||z, —zo|| < —— + , N=p—(8 >m>n} 14)
e et bl < 255+ 20 : (

However, for the subsequent proofs we will use the simpler version.

Before starting with the main results we need the following supporting lemma which can be easily proven
[2] using [8]:

Lemma 2.2
The following probability estimate holds:

Pe {|Inllo(n) > 7} < dexp (—;) . (15)

Theorem 2.3
Let n, be chosen as above with k > 1. Then we have:

Eells— a3 < Cup~ @) exp (=15 ) + Canto (109) ™ 9))” (16)

where C1 and Cy are constants.
In the deterministic noise case we additionally have C1 =0 from a certain 6 onward.

Right now we just want to give a sketch of the proof, a much more detailed version can be found in [2].
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Proof

We will employ the following strategy: We estimate the behavior of the error in a limited region which
is bounded by the expected error behavior times x; this is by far the most probable part for the error
vector. For the rest we will use that the tail behavior of the error vector is exponentially decreasing.
Note that this tail behavior is 0 for the deterministic noise part (therefore C; = 0).

Define

Ep(w) = max_ [In3]lp(n) (17)

and divide the probability space in two subspaces:

Qp ={w:E,(w) <k} and Q. =02\Q, (18)
Part 1: (w € Q,,)
First we show ngp > n.:
s s KO 4] 2k0 2K0 4K0
x, — n, <xf:cn +llz -z || <¥(n) + ——= + Y(nopt) + < + <
o = Ll =l b = [T 000+ Cay o) & 5 = o) oliege) = o)
(19)
which tells that
4kd
N, = min x,, facm <, N=p 16 >m>n}§no 20
{sllad -~ bl < 55 N =070 . (20)
Then using nepr > n. we have for all w € Q,
20 4kd K )
s 1
x —x nf +:cnffxn < + §6(c ><61/) Pp 4]
|| - v H || v * p(nopt) p(nopt) c p(nopt) (( ) ( ))
(21)
Hence we get
52 K -1 2
[l = IPdPe(w) < 1904l = 2, | < 36550 (o) ) (22)

Part 2: (we Q)
Remember that we defined n,,; < N = p~'(§). Hence we get % =1and ¥(N) < 5||n§v|| and thus

155 olnslle()
o) =2 )

_xﬁ*

Hl’ - xn*

+ 4k < 25, + 45, = 62, (23)

Using this result we obtain:

/STIIw—fo*szPg( )<36/Q Zp(w)?dPg(w <36\// w)4dPe (w \// 1dP (w (24)

K

Now we estimate the two parts separately:
Consider F(1) = P¢{E,(w) < 7} for 7 > k. Then

N 7_2
G(r) = 1= F(r) =Pe 2,() > 7} £ Y- Be {lillotw) > 7} < W exp (- ) (25)

n=1

So we get:

/7EﬁdIP5(w) = /:O d(1 - F(r)) < —m'G(1)[F +4 /OOO G (r)dr

oo oo 2 o (
:4/ TSG(T)dT < 4N/ 73 exp (7—8> dr = 29N/ uexp(—u)du = 2N
0 0 0
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The other part gets:

/71(11@5@) < dexp (-’j) . (27)

Qs

Hence we get

2 2
—2 11/2 K 11/2 —1 K
/QN E,dPe¢(w) <2 /2N exp <_16) < 2M/2571(§) exp (_16> . (28)
This yields
_ K? K2 _ 2
Bl o5, 1 < 362427 @) exp -5 ) + 3050 ((w) " 0)) (29)
This is exactly the proposition. q.e.d.

Now the main task will be choosing an appropriate .

2.4. Remarks on Smoothness and Error Spread

Now we want to give some short remarks what the terms p~! and ¥((py))~!) actually mean in practice.
Assume that we have ¢ (n) = n~" which means a finite smoothness of the solution.

Considering an ordinarily ill-posed problem we have p(n) < n~%, i.e. there are constants ¢; and ¢y
such that ¢;n™® < p(n) < can™? from a certain n onwards. For reasons of simplicity we therefore assume
p(n) =n~% Then we have:

2.5. Relaxations

Now we may choose x according to our needs. The factor x > 0 below should always be close to 1. We
will do some balancing process:

Lemma 2.4

Assume that our problem is ordinarily ill-posed with stochastical noise and polynomial behavior of the
smoothness index function 1. Now choose k = x4In§1.

Then we have

1 2 -1 _ 2
Eellz — o) |[* < Cro™8 X 0 11605, (o) v (we) ™' (6)) (32)

M

1

The proof just consist out of inserting p~" and k.

Corollary 2.5

Assume that our problem is ordinarily ill-posed with stochastical noise and polynomial behavior of the
smoothness index function 1. Now choose k = 4Iné 1.

Then we have if § small enough for some constant C

VEelle —af |12 < ¢ (m6™) v (o) (3)) (33)

Remark
This result is in principle the same as in [7, 10]. In contrast we still have the possibility to work with the
unspecified parameter x which will turn out to be important, now.

The Theorem 2.3 and its corollary tell that under certain conditions we just need the error (and error be-
havior) and can obtain an almost order optimal regularization procedure even under the hard assumption
of stochastic rather than deterministic error.
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2.6. Regularization without Known Smoothness and Error Behavior

As we have seen the above results still hold even if we introduce an additional parameter y. Of course,
no-one would like to obstruct our optimal x by purpose. In practice we do not know the error behavior
p. However by some means we can sometimes get hold of an estimation, e.g. by using additional local
knowledge or two independent but equally disturbed input data sets.

If we denote the estimated version of % by % and the corresponding estimated x by k we see that we

get a slightly modified choice rule: (denote N := p~!(§) and choose k = 4In§~1)

4R6 4 5
N, = ming n: fol—:vfn||§~L,N>m>n min{n: |xixfn||§HX(m),N>m>n}
p(m) p(m)
4Kxs0 . 4kxn0
E{min{n:||xi—xil|< X 7N>m>n},...Jrun{n: |20 — 22| < WAL ,N>m>n}}
p(m) p(m)
(34)

where

B ARS 4kd 7op(m)
Xm=3 / olm) ~ ap(m) )

and the worst cases are

Xs = min {x(m)} and xn = max {x(m)}. (36)

Due to the different possibilities for the noise it is very hard to give exact estimates on x5 and xp
respectively [2]. However we can show a different very important result, namely that if x is near enough
at 1, then we can regularize in an optimal way.

Assumption 2.2
There exist constants ¢y and co where the second one can be chosen big enough independent of & such
that the following properties hold:

P {x > 7} <ciexp(—ca (7 —1)) (37)

and
IP’X{Xfl >7}<crexp(—ce (7 —1)) (38)

Furthermore x shall be uncorrelated to 05 for all n.
Then the following theorems holds.

Theorem 2.6
Assume that our problem is ordinarily ill-posed with stochastical noise and polynomial behavior of the

smoothness index function ¥ and that the above assumption holds. Now choose k = 41n 5L,
Then, if § small enough for some constant C' we have

VEellz =5 |12 < ¢ (ms) 6 (o)™ (9)) (39)

Proof
As x was assumed to be uncorrelated to 15 for all n we have

Ey (Eellz — a3, [1?) < Ey (I1(x)) (40)

where the function II() is defined as
—L14iy%2mé ! 2 —1\2 -1 2
() = G~ w0 1 1605x2 (ng~) v ((wp) " (9)) (41)

as in the lemma 2.4.
We have that 6754 is descending at least as fast as 1((¢p) " (). We introduce functions II; and IIy:
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I (y) =6« e e (42)
I(x) =x2 (43)
and hence )
H(x) = Co 7T (x) + 166, (I 6~1)* 6 ((0p) ™ (6)) Ta(x) (44)

So it suffices to show that E,II;(x) and E,II;(x) can be bounded independent of 4.

e’} 0
E,IL () = / I (r)dPy {x < 7} = / I (7 ) dPy {x ! > 7}
0
— 1 () Py > Y - / By (x> I ()

oo

—0 —o+/OOOIP>X{x1 > rHdIL (7 ) :/O

o0

_ 0 _
P, {x ! >T}EH1(T Yar

(45)

2 oo
J T P
S/ 5‘7H1(7_1)d7—+/ [[DX{X—l > 7127 3(Ing )26 h et gty
0 T 2

1 . _, [ )
=th (2> —0+2(In 67125 w e Om 1/ P {x ' >r}r%dr
2

1 T

Sé—ifﬁJﬂlln&_l+2(1n571)25*57m/ c1exp (—ca (7—1))773‘”
2

<§a e tAmOT! 2(1115_1)2(5_%_#&010271 exp(—cy) < C

where C is a constant which can be bounded independent of § because of our assumption regarding co

and ¢ small enough which implies 1 + e <4lnd .

The second term can be evaluated in a similar way:

E, I (x) :/OOC Ho(7)dPy{x < 7} = /OOO 2d(1-Py{x>71}) =— /Ooo 2dPy {x > 7}

= —7P, {x > T}’SO —|—/ P {x>7}dr*=0-0 —|—/ 2P {x > 7}dr
0 0 (46)
2 o0 2 o'}
:/ 2P, {x > 7}dr +/ 2P, {x > 7}dr < / 2rdr —|—/ 27crexp (—co (1= 1)) dr
0 2 0 2

=4+ 2¢1¢52(1 4 2¢5) exp (—¢p) < C
which can be assured when cs is chosen big enough.
Using that 67« is descending at least as fast as ¥((vp) ' (6)) we immediately get our result. q.e.d.

This means in particular that we are having the same rate of convergence even when we are having
inexact input data.

3. NUMERICS

We have tested our method using simulated satellite data. This has several particular advantages. It is a
severely ill-posed problem where we exactly know the degree of ill-posedness as required in our theorems.
Furthermore the use of simulated data allows to compute signal to error ratios which will enable us to
compare and evaluate the method more easily.

We assumed our data to be given on an integration grid on a sphere. This has the advantage that we
do not have to bother about the (ill-posed) problem of transferring data from a satellite track to such a
grid and consequently evades several sources of additional error. Furthermore, this enables us to study
our new methods in an unbiased environment.
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3.1. Technical Remarks

As data location we used a Driscoll-Healy grid [11] at an orbit height of 3% and 6% of the Earth
radius which roughly corresponds to an average satellite height of 200 km, respectively 400 km. For
approximation we used spherical harmonics up to degree 128 and we generated the data globally on a
grid which allows exact integration up to degree 180 with a stable Clenshaw algorithm [3]. The model
EGM96 was always used as input and reference data. The noise level was chosen in a way such that
theoretically the bias to variance ratio had to pass 1.0 around the degree of 80; we used a combination
of correlated and uncorrelated noise in the space domain.

As regularization method we chose the spectral cut-off scheme cutting at each degree.

For the noise estimation we generated a small second data set of degrees 8-32 (i.e., about 900 actual
data) and compared it with the biased approximation of our noisy data. Note that one could have also
used a second noisy approximation, but this would have just increased computation time without giving
any mathematical valuable information. We only need to consider more Fourier coefficients to obtain the
same accuracy in the estimation (degrees 8-36).

For our purposes we observed that a k = 0.25 seems to be a good choice which corresponds (roughly)
to an accepted Variance/Bias ratio of 1:1 at the cutting point. After having chosen this parameter we
proceeded with our experiment.

3.2. Data

We present two different representations of the data: the L-curves corresponding to our two input data

sets and bias/variance behavior where we chose a log scale for better observability.
We displayed the optimal regularization point (i.e. _bias 1) by e, the regularization point

’ wariance

proposed by the L-curve method by o and the regularization point found by the auto-regularization
method by x*.

1 , ,
— L-curve — L-curve
O Degree=40 16 O Degree=40 ||
2 >k Degree=69 > Degree=70
® Degree=78 v ® Degree=76 ||
[{e] 2F 4
[
—
M
5 1
I
x
=S
0s
08 0‘9 1 1‘1 1‘2 1‘3 %8 0‘9 ; 1‘1 3
|Ix|| * 1e5 |Ix|| * 1e5
Figure 1: Data set at 200km. Figure 2: Data set at 400km.
- ‘/ -
10" | Jivie ’
N
M
(5]
j =
8
S
2
(2]
ot
(<)
D
o
; Data Set at 200km
/) - - - Data Set at 400km
1070
. . . . ,

s
20 40 60 80 100 120
Degree

Figure 3: Bias/Variance ratio with respect to the degrees.
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4. DISCUSSION AND OUTLOOK

Although widely used as a rule of thumb in practice the L-curve method cannot really solve an inverse
problem (see e.g. [14]). In contrast our method is proven to have almost optimal convergence rates,
performs well in practice and also does not require inaccessible knowledge.

We have observed that in almost all computations the method was reliable and we got a cutting point
in the range of Uagi.gfl — € [0.5,1.5] for the satellite case although we are working with an exponentially
ill-posed problem.

Another experiment where we used locally known exact data of the size of one sixteenth of the Earth’s
surface also returned very promising results.

Please note that we did not choose k according to the proposed choice rule, and not even greater 1,
but adapted to the problem. This difference is in our opinion due to the fact that we are for a specific
problem in practice not just searching for an order optimal regularization parameter (which we get for
the x proposed in the proof) but for the best possible solution. This means we rely on a parameter which
is not chosen theoretically correct but yields outstanding numerical results.

Numerical experiments indicate that once chosen an appropriate x the results get very stable towards
changes in the error level (even over an order of magnitude) and the smoothness of the data.
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